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THE COEFFICIENT 0 F SIMPLE RIGIDITY AND 
YOUNG'S MODULUS FOR 
HEXAGONAL CRYSTALS OE SELENIUM 
L. P. SIEG and R. F. MILLER 
Elastic constants determined from drawn wires are of consid-
erable practical use, but they are not very illuminating on the sub-
ject of the structure of matter. A drawn wire is a heterogeneous 
mass of matter in crystalline and amorphous states, with never any 
regularity in composition or of crystalline structure. In fact the 
elastic constants so determined are not so much characteristic of 
the substance, say copper, as of the particular physical state of that 
substance. If, however, one could employ an isolated crystal of a 
simple elementary substance, he ought to be able to determine the 
elastic constants of the substance itself, rather than that of its par-
ticular physical state. 
This thought has been in mind for some time, in fact ever since 
the laboratory has had so liberal a supply of large selenium crys-
tals which were made by Dr. F. C. Brown, of the Bureau of Stan-
dards. Last summer ( 1920) we undertook the determinatiOn of 
the simple rigidi~y and of Young's modulus for some of these crys-
tals, and the following account records the results of these first ex-
periments. 
In figure 22 we have a.photograph of some typical crystals with 
which we worked. The length of one cm. is indicated on the pho-
tograph, so that the actual sizes of the crystals can be estimated 
There were available many larger crystals, but careful selection 
indicated that the smaller ones were more regular. The ideal form 
of these crystals is that of slender regular haxagonal prisms, but 
actually they proved to vary from this in two respects : the forms 
were really those. of truncated prisms, and the sections, while hex-
agonal, were not regular. The angles, as is genera,lly true in crys-
tals were practically perfect, in this case 120°, but the sides varied 
in length. These two irregularities were fortunately slight, for oth-
erwise anything like accuracy in determining the elastic constants 
would be out of the question. 
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Fig. 22. Types of selenium crystals used in the _determination of their elastic con• 
stants. 
I. YOUNG'S MODULUS 
For. the determination of Young's modulus, the method of bend-
ing was used. The crystal studied . was carefully measured, then 
laid on two parallel knife edges at a known distance apart, and 
the bend at the middle, for various loads, was recorded. The bends 
were observed with a traveling microscope. In fact everything 
proceeded as in an ordinary laboratory experiment for this deter-
mination, excepting that everything was on a smaller scale, and 
correspondingly smaller distances had to be measured. A sche-
matic drawing of the arrangement of crystals and apparatus is 
shown in figure 23. · The microscope M 1 was used to .measure the 
~---X 
A Plan 
Eleva ti-on 
Fig. 23. Arrangement of appa ratus for determining the hen.ding of crystals 
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·distance between the knife edges, and the centering of the point 
of application of the bending force. M 2 was employed to measure 
the bend. A and.B are the knife edges, S the scale pan, and X the 
crystal. The face widths were measured previously to the experi-
ment by attaching the crystals with wax along the axis of a rod, 
which could be rotated so as to present in succession the six faces. 
Considering ~nly cine crystal, No. 6 in detail, as typical of all the 
others, we have in figure 24, drawn to scale, the sections of the 
(c) 
F&2ln,,,1' 
(C) 
/23 I Z. 2. 
13 11- 5. 
Fig. 24. Sections of a typical crystal at the two ki;;ife edgea. 
crystal at the two knife point edges, A and B. The numbers on 
the edges of the crystals are in micra. The detailed results for this 
crystal are given in Table L 
TABLE I 
Face C above. Crystal No. 6 
Load Reading Bend ·Reading Bend 
(mg) (adding (mm) (Subtracting (mm) load) (mm) load) (nun) 
pan .423 --.2ss-
400 .4()<) .0!4 .277 .011 
800 .398 .011 .264 .013 
1200 .385 .013 .250 .014 
pan .425 •. 290 
400 ".411 .014 .277 .013 
800 .398 .013 .264 .()13 
1200 .387 .011 252 .012 
1600 .376 .011 .240 .012 
pan --.494-- --:357--
400 .483 .011 .345 .012 
800 .470 .013 - .332 .013 
1200 .457 .013 .322 .010 
pan .493 .356 
400 .482 .Oil .345 .011 
800 .469 .013 .334 .011 
1200 .457 .112 .322 .012 
1600 .446 .011 .312 .010 
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pan .426 
400 .415 .011 
800 .404 .011 
1200 .3Yl . 013 
1600 .380 .011 
pan .431 
400 .41Y .012 
800 .407 .012 
. 
1200 .395 .012 
1600 .383 .012 
Mean bend for 400 mg = 0.0121 mm 
Mean bend for 1 gram = 0.0303" mm 
Mass of pan ............ = 51 mg 
.293 
.281 .01.2 
2fi) 
.012 
.256 . .013 
.243 .013 
.296 
.285 .011 
.271 .014 
.259 .012 
.247 .012 
:A summary of all the results for the crystals tested is given in 
Table II. 
Crystal 
2 
2 
2 
5· 
6 
6 
8 
9 
9 
9 
TABLE II 
Summary of results for all crystals 
Separation of knife edges, 8.2 mm 
Face dimensions, in micra, taken clockwise (as in 
Fig. 24), first face at top 
At A At B 
121, 77, 114, 115, 81, 103 136, lzo-;-i2Cf44, 119, t36 
103, 121, 77, 114, 115, 81 136, 136, 120, 127, 144, 119 
81, 103, 121, 77, 114, 115 119, 136, 136, 120, 127, 144 
94, 36, 54, 79, 40, 40 109, 20, 74, 83, 47, 42 
123, 125, 79, 134, 102, 102 122, 125, 78, 145, 105, 104 
102, 102, 123, 125, 79, 134 105, 1047122, 125, 78, 145 
41, 48, 47, 38, 58, 48 62, 66, 7, 40, 85, 53 
82, 73, 74, 78, 66,. 58 95, 82, -76, 81, 91, 61 
78, 66, 58, 82, 73, 74 81, 91, 61, 95, 82, 76 
58, 82, 73,. 74, 78, 66 61, 95, 82, 76, 81, 91 
Bend per 
gram (mm) 
.0315 
.0322 
.0231 
.4875 
.0303 
.0231 
.3167 
.0890 
.0880 
0710 
If the crystals had been regular hexagonal prisms one could 
easily have arrived at a value for Young's modulus by applying the 
formula WL8 . 
y = 48dM ......................... (l) 
where Y .is Young's modulus, W the load in dynes, L the length 
between knife edges in,. cm, and M the moment of inertia (really 
moment of area, for the mass does not enter) of the section about 
the horizontal axis determined by the intersection of the neutral 
plane with the cross section of the crystal. Inasmuch as the 
crystals were not uniform, the exact formula for Y would be well 
nigh impossible of deriv,ation. However, one can use the fol-
lowing method of approximation with a fair accuracy. In figure 
25 a sketch of a crystal face is given, with a great exaggertion in 
the <;lifferences in the two edges, a1 and a2• The former is an edge 
qf the section at the knife edge A, and the latter at B. For any 
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l ;Q 
. 
I 
------- L----------
Fig. 25. Sketch of one face· of the truncated hexagonal prism. 
cross-section, taken at a, distant l from au the expression for M is 
Sa'\/3, if we suppose the section to be a regular hexagon. As-
. 16 
suming this, as a rough approximation, and using the mean of the 
si,,c edges as a1 and a2, respectively, we can obtain the mean value 
of M for the section whose edge length is a, by the following 
method. 
l 
a = a. + (a. - a1)r .................... (2) 
Let 
a.= c, a. - a 1 = e ........ .............. (3) 
then 
el · 
a . c + L ............................ (4) 
and 
Ml =5\13 c +el -( ] ' 16 L ............................ (5) 
where M1 is the moment of area at the distance l from a1• Now 
if M is the mean moment of area for all sections of the frustum, 
-sL ML= S~J [c + ~] ~l .............. .......... (6) 
0 . 
or, integrating; and substituting the limits, 
M = 5il (~ + 2 c8e + 2 c2e2 + c es + e'/5 J ......... (7) 
Employing the value of M from (7) for M in (1), we have an 
expression for the value of Young's modulus. Applying these 
two equations specifically to crystal No. 2, first case (Table II), 
we have 
a.= .0102 cm (mean of six edges) 
a.= .0130 cm (mean of six edges) 
c= .0102 cm 
e=.0028 cm 
Substituting in (7), M= 1.008 X 10-S cm4 (area X distance2 ). 
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Thence substituting in · ( 1), where 
W=980 dynes 
L=0.82 cm 
d = 0.00315 cm 
M = 1.008 X 10-S cm4 
Y = 3.57 X: 1011 dynes per cm2. 
The results for all the crystals, employing this same method, are 
given in Table III. While the range in values for Young's 
Crystal 
2 
2 
2 
5 
6 
6 
8 
9 
9 
9 
TABLE III 
Young's Modulus . 
X 10-n 
(c. g. s.) 
3.57 
3.49 
4.86 
3.28 
4.34 
5.70 
6.(i() 
6.77 
6.85 
8.49 
Mean 5.40 + 0.4 
modulus is large (the probable error being about 7 per cent of the 
mean), it is not so large as the range in values found from tables 
of results for common substances in the form of drawn wires. It 
must be remembered that in expressions ( 7) and ( 1) it has been 
assumed that the mean of the six sides of the hexagon at the two 
knife edges, which are the numbers employed for .a1 and a2 , are 
really the proper numbers to use. Since the hexagons are not 
regular, it is not correct to use the mean, but no other simple 
method seemed available. What one really wants is the side of 
the regular hexagon which possesses the same moment of area as 
the given irregular hexagon. An attempt was made to draw to 
scale some of the sections, and to obtain the moments of area by 
calculating each part separately, but the results as far as obtained 
did not differ very much from the present ones, and so the labor 
involved seemed unjustifiable. The mean value for Y indicates 
an elasticity roughly about one-third that of steel. 
IL COEFFICIENT OF SIMPLE RIGIDITY 
The experimental determination of the simple rigidity involved 
even more experimental difficulties than those encountered in the 
determination of Young's modulus. The method of vibration of 
a torsion pendulum, using the crystal as the support, was em-
ployed. From a knowledge of the period of vibration, the moment 
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of area of a section of the crystal about an axis perpendicular to 
the section at its center, the lenit:h of. the crystal, and the monient 
of inertia of the vibrating body, the coefficient of rigidity can he 
calcul;;ited. . The torsion of a rqd of any but a circular sectiOn 
creates a very complicated condition, because not only is shearing 
of each section present, but .also there is a complicated warping 
of each 'section. Indeed, this is the celebrated problem of De 
Saint-Venant.2 However, it can be shown 8 that for a slender rod 
of any regular section, the torsional couple for a given angle of 
twist, fJ, is given with sufficient accuracy by 
OT ro4.n fJ. 
J = 40JL.···········.················(8) 
where !Y is the torsional couple, ro the area of cross-section, n the 
coefficient of simple rigidity, I the moment of area of the section· 
about an axis through its center, and perpendicular .to its plane, 
and L the length .of the twisted crystal. For unit twist we have, 
letting (J = 1 in (8) 
OT ,,;4.n · 
J1 = .4() IL ....................... : .. (9) 
For a torsion pendulum· we have 
rr. T = 2 ,, .. \/ ;y;_ .... ; ..................... (10) 
where Tis the period of vibration, Io the moment of inertia of the 
suspended mass, and !Ti. the torsional couple for unit twist. 
Equating the values of. !!!;_from (9) and ( 10), we have 
160 w-2 lo IL 
n = ro4.f2 ........................ (11). 
or, as in the preceding case (section I) the moment of area is not 
constant from section to section over the length L, we can write 
(11) 
where the quantity 
n= 160;/•L c:4. J ..................... (12) 
. . I 
in brackets refers to the mean. value of & 
(I) 
over the length L. To find this we proceed somewhat as before. 
Let P be this mean value. Then 
- r1 PL= Joro' di ................ ......... (13) 
2 Ce>mptes Rendus 88, pp. 142-147, 1879. 
a I,ove, Treatise on the Theory of Elasticity: Vol. 1, p. 171, Camb. Univ. P~ess, 
189'Z. 
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F 5y3 3 - · 
. or a regular hexagon, I = - 8- a4, .and w = 2 a2y 3, in terms 
of the length of side, a. Then ~ = .0237 a-4 • Using the same 
w 
notation as in the first section, 
el 
a=c+r 
therefore 
I [ el]-4 ~=.0237 c+ I: 
and (13) becomes 
SL ·-4 - .0237 c + ~ - .0079 - 1 . 1 . P=-:r;- [ LJ di- e [ca-(c+e)a] ...... (14) 
0 . 
Finally we have the expression for n, by combining ( 12) and 
(14) 
lflJ 7r2 J. L [.0079] [ 1 1 J 
n = r2 -e- ca - (C + e)a · · · · · · · · · · · · 0 5) 
Four crystals were used in this determination, the data and re-
sults for which are given in Table IV. 
TABLE IV 
Crystal Sides, in mi era, taken in order 
Small End Large End 
2 121, 77, 114, 115, 81, 103 141, 134, 131, 154, 132, 147 
3 128, 142, 123, 115, 144, 105 164, 186, 146, 167, 173, 132 
11 65, 29, 62, 67, 24, (f} 84, 43, 78, 77, 42, 74 
12 81, 76, 35, 87, 78, 44 93, 128, 73, 115, 111, 99 
Crystal c(cm) e(cm) L(cm) T(sec) n X 10-11 
2 .0102 .0038 0.98 6.37 0.664 
3 .0126 .0035 U56 7.285 0.421 
11 .00527 .00136 0.92 23.46 0.756 
12 .00669 .0036 1.28 14.40 0.750 
-
Mean 0.65 -+- .05 
The variation in n is about of the order of the variation in Y. 
Comparing results we have for the mean value of Y, 5.40 X 1011, 
and for n, 0.65 X 10n- dynes per cm2• Their ratio, Y /n is equal 
to 8.3. This is unusually large, at least compared to isotropic sub-
stances in whiCh this ratio for common metals averages about 2.6. 
However, we are here dealing with a crystalline substance, not an 
isotropic one, and comparisons with the latter substances are of 
little value. 
It has been shown in crystal theory that to determine completely 
the elastic constants of an hexagonal crystal would require the de-
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terminatipn of five constants. This is a big reduction from the 
twenty-one constants required for the triclinic form of crystal. 
Voigt 4 has shown how one can determine these five constants, but 
to do so requires that one have sections of the crystal cut transverse-
ly to the principal axis, an!f at 45° to the axis, as wdl as the sec-
tions possessed in the present work. Voigt actually determined 
these five constants for quartz and for beryl. Such sections, with 
the crystals discussed here, are out· of the question, and so one 
must content himself with the gross constants, such as those which 
we have here reported upon. 
A few determinations of the logarithmic decrement led to re-
markable constancy for results. For example, in crystals Nos. 
3 and 12, which were quite different in size, the logarithmic dee-. 
rement proved to be respectively 1.08 and 1.07. In these tests 
errors of measurement of the sides, or errors of assuming the 
siqes equal do not enter, and these results go towards bearing out 
our belief that if we could obtain regular crystals, the elastic 
constants, experimentally determined, would show the same uni-
formity. 
STATS UNIVERSITY oF lowA. 
<1 Voigt, Ann. d. Phys., 16, 398, 1882; 29, ·604, 1886;, 31, 474, 1887. 
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